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Sec t ion  V I 1 1  

MAGNETIC TRAPS 

INVESTIGATION OF CHARGED PARTICLE MOTION I N  MAGNETIC TRAPS 
OF ACUTE GEOMETRY 

.. 
K. D. S ine l 'n ikov ,  N.  A. Khizhnyak, N.  S. Repalov 

P. M. Z e y d l i t s ,  V. A. Yamnitskiy, Z. A. Azovskaya 

Analysis  of t he  c h a r a c t e r i s t i c s  of  cha rged-pa r t i c l e  
motion i n  several p r a c t i c a l l y  encountered axisymmetric mag- 
n e t i c  f i e l d s  of a c u t e  geometry. 
p a r t i c l e  t r a j e c t o r i e s  determined by numerical  i n t e g r a t i o n  of 
t h e  equat ions  of motion are examined. 

The s p e c i f i c  f e a t u r e s  of 

Severa l  au tho r s  (Ref. 1-3) have inves t iga t ed  t h e  motion of charged /388* 
p a r t i c l e s  i n  acute-angle  t r a p s .  However, up u n t i l  r e c e n t l y  t h e r e  had been 
no comprehensive explana t ion  of a l l  t h e  c h a r a c t e r i s t i c s  of t h e  motion. 
may be  expla ined  t o  a c e r t a i n  ex ten t  by t h e  d i f f i c u l t i e s  e n t a i l e d  i n  an  
a n a l y t i c a l  i n v e s t i g a t i o n  of t he  magnetic f i e l d s  throughout t h e  e n t i r e  t r a p ,  
as w e l l  as t h e  d i f f i c u l t y  e n t a i l e d  i n  i n t e g r a t i n g  t h e  equat ions of motion. 
I n  t h e  s imples t  form, such a magnetic f i e l d  may be determined by t h e  r e l a t i o n -  
s h i p s  

This  

H ,  = QT; H ,  - 211.2. 
(1) 

This  f i e l d  exists i n  the  c e n t r a l  reg ion  of two c i r c u l a r  c u r r e n t s .  
The equat ions  of p a r t i c l e  motion i n  the  f i e l d  (1) are non l inea r ,  
t h e  p a r t i c l e  t r a j e c t o r i e s  may be obtained by numerical  methods as a f i n a l  
r e s u l t .  However, a g r e a t  d e a l  of information on t h i s  motion may be  obta ined  
from g e n e r a l  cons ide ra t ions .  

and t h e r e f o r e  

This  a r t ic le  i n v e s t i g a t e s  t h e  c h a r a c t e r i s t i c s  of charged p a r t i c l e  motion 
i n  certain s p e c i f i c  magnetic f i e l d s  whose f o r c e  l i n e s  make a c u t e  ang le s  and 
which have a x i a l  symmetry.Part ic le  t r a j e c t o r i e s  which are found by numerical  
i n t e g r a t i o n  of t h e  equat ions  of motion are d iscussed .  

Magnetic F i e l d s  of Acute-Angle Traps 

The magnetic f i e l d  throughout t h e  e n t i r e  t r a p  s a t i s f i e s  t he  equat ions  
rot H = 0;  div H = 0 

and may b e  descr ibed  by means of the  s c a l a r  magnetic p o t e n t i a l  CJ which 
s a t i s f i e s  t h e  Laplace equat ion  A @  = 0. In t h e . c a s e  of  f i e l d s  whose f o r c e  l i n e s  /389 
make a c u t e  ang le s  and which have a x i a l  symmetry, t h e  s o l u t i o n  of t h e  Laplace 
equat ion ,  which is symmetrical wi th  respect t o  the  z = 0 p lane ,  has  t h e  
fo l lowing  f o m  

W 

* Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  f o r e i g n  text.  
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where the amplitude An and the separation of variable constants kn may be 
determined by the values of the fields at the trap slits. 

* .  

I' 

--I 

Figure 1 Figure 2 

It is assumed in this study that throughout the entire trap the magnetic I 

field may be described by only one component in the sums (2). 

In the first case, the magnetic field then has the following form 
H, = H o f  1 (k r )  cos k t ,  
H ,  = - Hnlo (Irr) sin k t ,  

dr H, 
dz tiz' 

I 

and the equation of the force lines is 

-=- 

i.e., 

In the second case, we have 
r l l  (kr)  sin kz = const; 

H ,  = HoJl (hr) ch k z ,  
H ,  = - H O J u  (kr)  sh k~ 

with the equation of the force line 

(3)  

( 4 )  

(kr)  J1 ( k r )  sh kz = const. 
Figures 1 and 2 show the behavior of the force lines for magnetic traps 

of the first and second kind. 

Traps of the first type have a magnetic field which is characteristic /390 
for the customary traps of the "Picket Fence" type. 
has the form of a plane trap whose radius is not limited and whos6 
ends are bounded by "magnetic walls" with negative magnetic field 
curvature. Such a type of "magnetic wall" may be produced by a system of 
concentric conductors with a current whose direction alternates. 

The second type of trap 
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The s i n g l e  azimuthal  component (which d i f f e r s  from zero)  of t h e  v e c t o r  
p o t e n t i a l  A has  t h e  fol lowing form f o r  t h e  f i e l d s  (3 )  and ( 4 )  0 

A , = - F  Ifn I ,  (kr)  sin /zz, 

A,= "' J1 (Izr) sh hz. iz 
I n  t h e  case of k r  <<1 and kz << 1, t h e  f i e l d s  (3)  and ( 4 )  change i n t o  

(1). However, i n  c o n t r a s t  t o  t h e  f i e l d  (l), they  are cha rac t e r i zed  by two 
parameters H 

t r a p  m i r r o r s  as w e l l  as i t s  geometric dimensions. 

b .  

and k, which determine the magnetic f i e l d  s t r e n g t h  i n  t h e  0 

,rr I n  t h e  kz = i-7 $planes ,  t h e  magnetic f i e l d  has  only t h e  component H . 
Z 

I f  r is  t h e  r a d i u s  of t h e  magnetic mi r ro r ,  then  t h e  magnetic i nduc t ion  f l u x  

through t h e  mi r ro r  may be w r i t t e n  as: 
0 

2nHn 
k 0 = -r , , / t  ( / M u ) .  

This  f l u x  leaves through h a l f  of t h e  c i r c u l a r  s l i t  which has  t h e  width Az and 
which i s  l o c a t e d  a t  a d i s t a n c e  R from t h e  system axis of symmetry: 

kAz UI = '* R I ,  (/r/i) sin . k 
Consequently, t h e  magnetic mi r ro r  rad ius  is r e l a t e d  t o  the  s l i t  width by t h e  
fol lowing r e l a t i o n s h i p  

This  r e l a t i o n s h i p  fol lows from t h e  equat ion of t h e  f o r c e  l i n e .  

Magnetic t r a p s  of t h e  f i r s t  t ype  w i l l  be  employed i n  t h e  f u t u r e ,  a l -  
though many r e l a t i o n s h i p s  may be r e a d i l y  gene ra l i zed  t o  t r a p s  w i t h  "magnetic 
w a l l s " .  

The parameter k i s  r e l a t e d  t o  t h e  t r a p  l eng th  L by t h e  obvious equat ion  
n k = . -  
L '  

Therefore ,  express ion  (5) may be w r i t t e n  i n  t h e  fol lowing form 

Thus, t h e  dimensions of t h e  mi r ro r  and t h e  c i r c u l a r  s l i t  may be  determined /391 
i n  t h e  f i n a l  a n a l y s i s  by the  r e l a t i o n s h i p  between t h e  t r a n s v e r s e  and long i tud i -  
n a l  t r a p  dimensions.  

We shal l  d i s t i n g u i s h  between two special cases: w e  s h a l l  c a l l  t h e  t r a p  
I e longated  i n  t h e  case < 1, and s h a l l  c a l l  it shortened i n  t h e  case % > 

L L 

I n  the case of  a n  elongated t r a p ,  i n  a l l  t h e  formulas c i t e d  t h e  Bessel 
f u n c t i o n s  may be  approximated by t h e i r  va lues  i n  t h e  case of s m a l l  arguments. 
Thus, equa t ion  (6)  assumes t h e  s imple form 
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For a g r e a t l y  shortened t r a p ,  we may employ t h e  asymptot ic  express ion  f o r  
I1(kR). I n  t h i s  case, assuming t h a t  k r  .. 0 

< 1 j u s t  as previous ly ,  w e  o b t a i n  

nR 

Consequently, f o r  one and t h e  s a m e  c i r c u l a r  s l i t  width,  t h e  elongated 
t r a p  may be cha rac t e r i zed  by a smaller mi r ro r  r a d i u s  as compared w i t h  t h e  
shortened t r ap .  

The f i e l d s  descr ibed  above are symmetrical wi th  r e spec t  t o  t h e  z = 0 
plane.  
(0, A@, 0) wi th  t h e  component A 

Asymmetrical magnetic f i e l d s  may be  descr ibed  by t h e  vec to r  p o t e n t i a l  

9: 

and 

H , =  H o I 1 ( k r ) c o s k z - T l l  nlio kr   sin^, k t  

H, = - Holo  (kr) sin Izz - nHo lo  kr cos --. kz  
2 

We may employ direct  c a l c u l a t i o n s  t o  show t h a t  t h e s e  r e l a t i o n s h i p s  c h a r a c t e r i z e  
a t r a p  having t h e  l eng th  L ,  which i s  d isp laced  wi th  r e spec t  t o  t h e  o r i g i n  by 

t h e  q u a n t i t y  Az = 

Assuming t h a t  a < 1, w e  may f i n d  t h e  magnetic f i e l d  s t r e n g t h  on t h e  m i r r o r  
a x i s  : 

toward t h e  smaller f i e l d  ( i n  t h i s  case ,  toward z < 0 ) .  
8k 

On t h e  axis of t h e  r i g h t  mir ror :  (kz  :' - a _. 1' -), ;Z 
2 8 

n a V T )  I 
2 8k 

On t h e  axis of t he  l e f t  mir ror :  (kz  = - - - - 

Thus, w e  have 

The s u r f a c e  of t h e  zero  z-component of t h e  magnetic f i e l d  may be  found 
d i r e c t l y  from t h e  second equat ion  of sys t em (8). I n  t h e  case of a n  elongated 
t r a p ,  t h i s  s u r f a c e  is a p lane  (wi th in  an accuracy of terms of t h e  second 
o r d e r  of smal lness  wi th  r e spec t  t o  2 ) which is  d i sp laced  wi th  r e s p e c t  t o  t h e  

geometr ic  symmetry p lane  of t h e  t r a p  by t h e  amount 
R 

I 3 9 2  
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U A ( k t )  = 1 - - 4 
b 

Charged P a r t i c l e  Motion i n  t h e  Trap  Magnetic F i e l d  

L e t  u s  i n v e s t i g a t e  p a r t i c l e  motion i n  t h e  magnetic f i e l d  of a n  axisymmetric .. 
t r a p .  I n  t h i s  case, t h e  Lagrange func t ion  h a s  t h e  fol lowing form 

t = 5 2 ( r z  + racp2 + 3) + +& 
Due t o  t h e  c y c l i c i t y  of t h e  coord ina te  4 ,  t h e  gene ra l i zed  momentum P i s  an 9 

e - mr"cp + Y'A, .  , i n t e g r a l  of motion p,=-- d L  

& 
If t h e  p a r t i c l e  w a s  produced o r  i n j e c t e d  i n t o  t h e  t r a p  a t  t h e  po in t  ( r  0' z o )  Y 

t hus  having t h e  azimuthal  v e l o c i t y  r 
(11) -- w e  have 

then  -- according t o  r e l a t i o n s h i p  
0 0' 

I 1  
(12) 

' e 
cp = 'Po 2 - 7 [rA, - VAJOl ' 7 

The Hamiltonian of t h e  p a r t i c l e  has t h e  fol lowing form wi th  allowance 

Therefore ,  t h e  formulated problem may be regarded as t h e  problem of p a r t i c l e  
motion i n  t h e  [r ,  z ]  p lane  i n  a f i e l d  with t h e  p o t e n t i a l  energy (Ref. 4 )  

- 

I 3 9 3  Taking t h e  f a c t  i n t o  account t h a t  t h e  Hamiltonian of t h e  p a r t i c l e  i n  - 
t h e  magnetic f i e l d  i s  t h e  i n t e g r a l  of motion, w e  may f i n d  t h e  r eg ion  of t h e  

< Eo, 
c 

p o s s i b l e  p a r t i c l e  motion 
mr&, - - [ r A ,  - (rA,)ol 

2m 

where 

de te rmines  t h e  boundary of t h e  r eg ion ) ,  
where i n  t h e  case U = 0 ,  i . e . ,  i n  t h e  case  

Eo is  t h e  t o t a l  p a r t i c l e  energy ( t h e  equal  s i g n  i n  express ion  (15) 

This  i n e q u a l i t y  i s  f u l f i l l e d  every- 

(16) I?lc 2 . I 
rA, = ('Awh + 7 rnvo. 

Thus, t h e r e  i s  always a f o r c e  l i n e ,  which may b e  determined by equat ion  
(16 ) ,  i n  the  v i c i n i t y  of which t h e  p a r t i c l e s  may leave t h e  t r a p  wi thout  any 
h inderance .  

The contour  of t h e  p o t e n t i a l  energy is d e t e p i n e d  by t h e  coord ina te s  of  

0'  t h e  p a r t i c l e  i n j e c t i o n  and by t h e  i n i t i a l  va lue  9 

However, i t  fol lows from formula (15) t h a t  w e  may assume 4, = 0 ,  wi thout  

r e s t r i c t i n g  t h e  g e n e r a l i t y .  W e  must thus assume t h a t  t h e  p a r t i c l e  i s  no t  

5 



produced a t  the  p o i n t  [r  z,], bu t  a t  any p o i n t  of t h e  f o r c e  l i n e  (16) .  
2.0’ . b e r e f o r e ,  t h e  term m r  4 w i l l  be  omit ted from t h i s  p o i n t  on i n  express ion  (14) .  0 0  

When app l i ed  t o  magnetic f i e l d s  whose f o r c e  l i n e s  make a c u t e  angles ,  .- equat ion  (14) assumes t h e  form 

IT 
i f  t h e  p a r t i c l e  w a s  i n j e c t e d  i n t o  t h e  t r a p  from t h e  po in t  r = r,, kz = - - 2 .  

Figure  3 shows t h e  contour of t h e  e f f e c t i v e  p o t e n t i a l  energy (17 ) .  It 

B Y  
Afte r  several c o l l i s i o n s  wi th  t h e  

may be seen  from t h e  f i g u r e  t h a t  slow p a r t i c l e s ,  whose energy is  less than U 

w i l l  be  r e f l e c t e d  from t h e  oppos i te  mir ror .  
magnetic w a l l s ,  t he se  p a r t i c l e s  w i l l  l eave  through t h e  c i r c u l a r  s l i t  o r  w i l l  
r e t u r n  t o  t h e  i n j e c t i o n  l o c a t i o n .  

The p a r t i c l e s  w i l l  only l eave  through t h e  oppos i t e  mi r ro r  i f  t h e i r  energy 
exceeds t h e  threshold  va lue  of UB. 
z = -  , w e  have 

L e t  us c a l c u l a t e  t h i s  value.  I n  t h e  case 

2 

The p o t e n t i a l  energy minimum occurs  i n  the case r = r which may be determined 1’ 
I by t h e  r e l a t i o n s h i p  

/+;r; (IU,) = hr,i, (kfo). 

axial  motion a t  the  e x i t  from t h e  t r a p  k r  <<1, and t h e r e f o r e  1 I n  t h e  case of 

w e  have 
f ,  =re  , 

1 

Consequently, t h e  p a r t i c l e s  w i l l  leave t h e  t r a p  from t h e  oppos i te  m i r r o r ,  
approximately t h e  same d i s t ance  from t h e  a x i s  as from t h e  t r a p  be ing  i n j e c t e d  

en t r ance .  The p e n e t r a t i o n  condi t ion  may be  w r i t t e n  i n  t h e  fol lowing form 

I n  t h e  case when k r  << 1, t h i s  condi t ion  may be  w r i t t e n  as 

where R 

0 R E >  ro, 
uomc 

0 
0’  = - i s  t h e  Larmor pa r t i c l e  r ad ius  i n  t h e  f i e l d  H R eH 

Consequently,  only p a r t i c l e s  whose Larmor r a d i u s  i s  g r e a t e r  than  t h e  
i n i t i a l  d i s t a n c e  from t h e  a x i s  may p a s s  through t h e  oppos i te  mi r ro r .  
i n j e c t e d  i n t o  t h e  t r a p  along i t s  axis completely p e n e t r a t e  t h e  t r a p  indepen- 
d e n t l y  o f  t h e i r  mass o r  ve loc i ty .  

P a r t i c l e s  

I f  p a r t i c l e s  having t h e  same ve loc i ty  bu t  d i f f e r e n t  masses are i n j e c t e d  
i n t o  t h e  t r a p  a t  a given d i s t a n c e  from the  a x i s ,  only heavy p a r t i c l e s  f o r  
which c o n d i t i o n  (18) i s  f u l f i l l e d  w i l l  leave through the  oppos i t e  mi r ro r  of 
t h e  t r a p .  

6 



I f  t h e  p a r t i c l e  m a s s  is  such t h a t  

Fshere ro i s  t h e  i n j e c t i o n  r ad ius , they  p e n e t r a t e  through t h e  t r a p ,  wi thout  

c o l l i d i n g  wi th  t h e  magnetic w a l l s ,  and they leave it through t h e  oppos i t e  
mi r ro r .  
system a x i s  has  t h e  fol lowing v e l o c i t y  of t r a n s l a t i o n a l  motion a t  t h e  t r a p  

A bundle of p a r t i c l e s  i n j e c t e d  with a v e l o c i t y  of vo p a r a l l e l  t o  t h e  

output  

The bundle,  which was r e c t i l i n e a r ,  i s  changed i n t o  a s p i r a l  bundle,  
t i o n a l  v e l o c i t y  of t h e  bundle around t h e  system axis i s  

The r o t a -  

I (20) 
voro v(@=-. 
RI1 

The s p i r a l  s t e p  i s  I 

h=2nL$ 1/ 1 - -  (21) 

Consequently, i f  t h e  magnetic f i e l d  changes i n t o  a homogeneous magnetic 
f i e l d  and a cons t an t  l o n g i t u d i n a l  f i e l d  a t  t h e  t r a p  ou tpu t ,  then  t h e  bundle 
of p a r t i c l e s  w i l l  move along a s p i r a l  having t h e  r a d i u s  r and t h e  s t e p  (21) .  

0 
L e t  u s  now i n v e s t i g a t e  p a r t i c l e s  whose Larmor r a d i u s  s a t i s f i e s  t h e  cond i t ion  

RE < TO. 

Ref lec ted  from t h e  mi r ro r ,  thes-e p a r t i c l e s  w i l l  o s c i l a t e  w i t h i n  t h e  t r a p  be- 
tween t h e  magnetic w a l l s  u n t i l  they  leave  t h e  t r a p  through t h e  c i r c u l a r  s l i t  
o r  through t h e  i n p u t  mi r ro r .  

Re la t ionsh ip  (15), which determines t h e  o s c i l l a t i o n  boundary, assumes the 
fo l lowing  form f o r  t h e  case of a c u t e  angle  f i e l d s  

II (kr) sin kz -1 ->It (krd = dz (22) 

I n  t h e  case of a n  extended t r a p  k r  << 1, t h e  equat ion  i s  s i m p l i f i e d  as fo l lows  

r2 sin kr + 2RRr I- r i  = 0. 

Thus, t h e  equat ions  f o r  t h e  boundary su r faces  have t h e  fol lowing form 

Expression (23) r e p r e s e n t s  a family of four  s u r f a c e s ,  two of which 
correspond t o  t h e  r eg ion  z < 0, and two o t h e r s  correspond t o  t h e  r eg ion  z > 0. 
Based on t h e  f a c t  t h a t  t h e  reg ion  r < 0 does no t  exist  i n  c y l i n d r i c a l  coord ina tes ,  
i t  may be  r e a d i l y  shown t h a t  f o r  t h e  reg ion  z < 0 t h e  boundary s u r f a c e s  are 
determined by t h e  following r e l a t i o n s h i p s  

ci = sin kz [ 1 - 1/ 1 - 2 sin kz , I 
7 



I n  t h e  case z -+ 0 ,  t h e  f i r s t  boundary su r face  remains a t  a € i n i t e  d i s t a n c e  1396 

r ' 2  from t h e  axis rX 

(25) 
tl(0) = - 9 ' 

and t h e  second boundary s u r f a c e  passes  through t h e  c i r c u l a r  s l i t .  

I n  t h e  case z > 0, t h e  equat ions f o r  t h e  corresponding s u r f a c e s  have 
1 .  I t h e  fol lowing form 

The r e l a t i o n s h i p s  obta ined  determine t h e  cusp ida l  p o i n t  of  t h e  p a r t i c l e  from 
t h e  oppos i t e  la teral  mi r ro r  i n  t h e  case r > R 

by t h e  f a c t  t h a t  r, = r,, -- i .e. , 
This  p o i n t  i s  cha rac t e r i zed  

0 2 '  

I L 

It fo l lows  from (22) t h a t  bo th  boundary su r faces  are ccmtracted 
p a r t i c l e  f o r c e  l i n e  when R decreases  -- i .e . ,  t o  t h e  f o r c e  l i n e  where t h e  

p a r t i c l e  w a s  produced. However, t h e  cuspida l  po in t  never changes i n  t h e  
r eg ion  z < 0. -When R decreases ,  t h e  region of p o s s i b l e  motion degenera tes  

i n t o  a narrow band which inc ludes  the  eigen f o r c e  l i n e ,  i n  which t h e  p a r t i c l e  
undergoes almost a d i a b a t i c  motion. 

t o  t h e  "eigen" 

R 

R 

I C l a s s i f i c a t i o n  of P a r t i c l e s  by I n i t i a l  Parameters 

L e t  u s  i n v e s t i g a t e  t h e  in f luence  of t h e  i n i t i a l  i npu t  r a d i u s  of t he  
and i t s  angular  v e l o c i t y  6 0 0 p a r t i c l e  r on t h e  n a t u r e  of  t h e  motion f o r  cons tan t  

P a r t i c l e s  en te r ing  t h e  t r a p  a t  a s u f f i c i e n t l y  l a r g e  r a d i u s  cannot i n t e r -  
sect t h e  p l a n e  z =-Q, because a l l  of t h e i r  t r a n s l a t i o n a l  energy i s  changed i n t o  

t r a n s v e r s e  energy. I n  t h e  case r = R ,  t he  lower boundary of t he  r eg ion  of 
motion intersects t h e  c i r c u l a r  s u r f a c e  of t h e  s l i t  i n  t h e  case z 0. Accord- 
i n g  t o  (25) ,  t h i s  occurs  f o r  

- a  

,, ;same Larmor r a d i u s  RE, are d iv ided  i n t o , t h r e e  ca t agor i e s :  

0 

Consequently,  a l l  of t h e  p a r t i c l e s ,  e n t e r i n g  t h e  t r a p  wi th  one and t h e  

I 

(1) I n  t h e  case 0 < r < R2, t h e  particles p e n e t r a t e  t h e  t r a p ,  moving 

a long  a s p i r a l  around t h e  axis ,  and leave through t h e  oppos i t e  m i r r o r ;  

(2)  I n  t h e  case Rg < ro < d G ,  t h e  p a r t i c l e s  are r e f l e c t e d  from t h e  



oppos i te  mi r ro r  and, heing r e f l e c t e d  somewhat from t h e  t r a p  magnetic w a l l s ,  
they l eave  it c l o s e  t o  t h e  s u r f a c e  (formed by t h e  r o t a t i o n  of t h e  e igen  f o r c e  

I 3 9 7  l i n e )  through t h e  c i r c u l a r  s l i t ,  o r  through t h e  i n p u t  m i r r o r ;  - 
(3)  I n  t h e  case r > d e ,  t h e  p a r t i c l e s ,  which do n o t  undergo even one O =  

o s c i l l a t i o n ,  move i n  t h e  d i r e c t i o n  of the magnetic f o r c e  l i n e  and leave t h e  
t r a p  through t h e  c i r c u l a r  s l i t .  

0. A.  Lavrent 'yev (Ref. 3) f i r s t  divided p a r t i c l e s  i n t o  t h r e e  classes. 
< RE t h e  p a r t i c l e  may However, it should be  poin ted  out  t h a t  i n  t h e  case r 

pass  through t h e  t r a p  only when it a r r i v e s  a t  the oppos i t e  mi r ro r  a t  t h e  
d i s t a n c e  r from t h e  a x i s .  (more o r  less), 

then  -- as may be seen  from t h e  e f f e c t i v e  p o t e n t i a l  energy i n  t h e  case kz = - -- 
it  may be r e f l e c t e d  from t h e  mi r ro r .  

a b s o l u t e l y  d e f i n i t e .  

0 

I'f i t  appears a t  t h e  d i s t a n c e  r # r 
IT 0 0 

Therefore ,  t h e  cond i t ion  r 
2 

< RE i s  no t  0 

The in f luence  of t h e  i n t i a l  angular  v e l o c i t y  of t h e  p a r t i c l e  upon i t s  
motion may be  c l a r i f i e d  by means of formula (12) .  When app l i ed  t o  t h e  f i e l d s  
under cons ide ra t ion ,  i t  assumes t h e  fol lowing form 

A l l  of t h e  r e l a t i o n s h i p s  obta ined  above are v a l i d  i n  t h e  case of an  i n i t i a l  

0 :  i f  w e  s u b s t i t u t e  r determined as fo l lows ,  i n s t e a d  of r 0 rate of  I $ ~  

I f  k r o  << 1 and kr" << 1, then  formula (29) assumes t h e  form 
0 

f ,  = ro 1/ 1 + 2 ( 3 c p o .  

Consequently,  f o r  p a r t i c l e s  w i th  I$ > 0 t h e  cond i t ions  f o r  t h e i r  pene t r a t -  0 
i n g  t h e  t r a p  are t h e  s a m e  as f o r  p a r t i c l e s  w i th  I$ 

p u t  r a d i u s .  

smaller i n p u t  r a d i u s .  I n  p a r t i c u l a r ,  i n  t h e  case I$ = - --, t h e  p a r t i c l e s  

p e n e t r a t e  t h e  t r a p ,  without  being r e f l e c t e d  from t h e  magnetic w a l l s .  
magnet ic  f i e l d  cont inuously changes i n t o  a homogeneous f i e l d  of a so lenoid  a t  
t h e  t r a p  o u t p u t ,  t h e  p a r t i c l e s  having Jo = - - 1 - eHO w i l l  move i n  t h i s  f i e l d  

2 m c  
w i t h  I$ % 0. 

= 0 ,  b u t  w i t h  a l a r g e r  in -  0 
I n  t h e  case (j, < 0 ,  they a r e  t h e  same as f o r  p a r t i c l e s  wi th  a 

1 eH0 
0 2 m c  

0 

I f  t h e  

r -  r 

! Motion of a R e l a t i v i s t i c  P a r t i c l e  i n  t h e  Trap 

For  p a r t i c l e s  having r e l a t iv i s t i c  v e l o c i t i e s ,  t h e  genera l ized  momentum 
P h a s  t h e  form 

I$ 

9 



! t h e r e f o r e ,  we  have 

, !  

: *  
The l a w  of conserva t ion  of energy is  , 

\ I  ; 
Since a l l  of t he  r e s u l t s  given i n  ihe preceding s e c t i o n s  were obta ined  

rom these  l a w s  of conserva t ion ,  a l l  t h e  conclusions are v a l i d ,  i f  w e  s u b s t i t u t e  
he re la t ivis t ic  Larmor r a d i u s  

' /398 

i 
- 

-+ e R,= x. 
fns t ead  of RR . 
elways s a t i s f y  t h e  cond i t ion  r 

F i l l  p e n e t r a t e  t h e  t r a p  without  c o l l i d i n g  wi th  the  magnetic w a l l s .  

When they  have s u f f i c i e n t l y  l a r g e  energy, t h e  p a r t i c l e s  may 

< RRy and s u f f i c i e n t l y  r e l a t i v i s t i c  p a r t i c l e s  : 
j 

I 
A magnetic t r a p  of t h i s  type  may be  u t i l i z e d  f o r  t ransforming t h e  l i n e a r  

l u x  of r e l a t i v i s t i c  e l e c t r o n s  i n t o  a r o t a t i n g  bundle wi th  parameters determine4 
[ 

i 

E y r e l a t i o n s h i p s  (19) - ( 2 1 ) .  However, t h e  small s t e p  of t h e  s p i r a l  i s  only  
p o s s i b l e  i n  t h e  case 5 % ro. 
I eHO 
' r e a t l y  r e t a r d e d  r o t a t i n g  bundle of e l e c t r o n s  f o r  s u f f i c i e n t l y  s t rong  magnetic 8. - -  _ _ _  - 
f i e l d s .  'tlie 

!the r e l a t i o n s h i p  r 

Therefore,  it is  only p o s s i b l e  t o  produce a 

For examFS;- for ' an  e l e c t r o n  eqergy of E = 50 Mev and 

= R is r e a l i z e d  f o r  magnetic f i e l d s  of Bo % 20,000 oe .  O R  I 

I n v e s t i g a t i o n  of P a r t i c l e  Tra . iec tor ies  i n  a Trap  
i 

The equat ions  f o r  t h e  r a d i a l  and l o n g i t u d i n a l  motion have t h e  fol lowing 

t - rrpZ = ntc rcpH,, e .  
~ o r m  

bry wi th  allowance-&r equat ions  (3) and (28) 
i 2 

> .  
I . > a  i t  

I n  t h e  case of an extended ' J  

. when kr < 1, t h e  equat ions  (33) 
, !  

- ~ - I /  -,. h l  L - 

t r a p ,  o i  i n  t h e  gene ra l  case of 
are s i g n i f i c a n t l y  s i m p l i f i e d  

axial  motion, /399 

. . __ ._^  

- .  
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I 

Figure 3 

Equations (34) were s tud ied  by a numerical method on a UMShN computer. 
computat ional  r e s u l t s  are presented i n  the  graphs shown i n  Figures  4-6 i n  
dimensionless  coord ina tes  y1 = k r ,  y3 = kz, where r i s  t h e  p a r t i c l e  r a d i a l  d i s -  

placement from t h e  t r a p  a x i s ;  z -- i ts  long i tud ina l  coord ina te .  
parameters  of t h e  problem are 

The 

The i n i t i a l  

nr 

t 4 0.25 
L -r'5 ' -1b '$5 ' 

Figure  4 

Here v, and v r ep resen t  t h e  

par t ic le  v e l o c i t y  components which 
are perpendicular  and p a r a l l e l  t o  t h e  
system axis a t  t h e  moment i t  i s  in-  
j e c t e d  ; Ho -- magnetic f i e l d  s t r e n g t h  ~ 

on t h e  axes of t he  t r a p  mi r ro r s .  Fig- 
u re s  4-11 show t h e  t r a j e c t o r i e s  of 
particles i n j e c t e d  i n t o  t h e  t r a p  
through the  l e f t  mi r ro r  wi th  t h e  para- 
meters 

I I  

~ _ _  -~ 
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fj = 0; fj4 = 0,l andkR = 0,78, y8 = - 1.57. 
1 a 

I n  accordance wi th  the gene ra l  assumptions, one would expec t  t h a t  i n  t h e  
case y l  - 0.1  t h e  p a r t i c l e s  would p e n e t r a t e  t h e  t r a p  completely,  and i n  t h e  
case y 1  > 0.28 they  would move toward t h e  c i r c u l a r  opening, wi thout  i n t e r s e c t i n g  . t h e  p lane  z = 0 .  

Numerical computations show t h a t  d i r e c t  p e n e t r a t i o n  of a p a r t i c l e  i n -  
j e c t e d  p a r a l l e l  t o  t h e  axis i s  observed f o r  yl, which i s  somewhat less than  

fol lows from energy cons idera t ions .  

p e n e t r a t e  t h e  t r a p  completely only i n  t h e  case y (0) = 0.07 (Figure 4 ) .  The 

p a r t i c l e s  remain i n  t h e  t r a p  f o r  t h e  time T = 0.460*. When y (0) i n c r e a s e s ,  

t h e  fol lowing occurs .  

l i m i t  ( f o r  example, y1 = 0.08),  t h e  particles move i n  t h e  r eg ion  z < 0,  t u rn ing  

by t h e  a n g l e  0, and a f t e r  i n t e r s e c t i n g  the  z = 0 p lane  they  begin t o  r o t a t e  
around t h e  axis r = 0 (Figure 17 ) .  This  r o t a t i o n  i s  asymmetrical w i t h  r e s p e c t  
t o  t h e  system a x i s ,  which l e a d s  t o  p a r t i c l e  o s c i l l a t i o n s  i n  t h e  [ r ,  z ]  plane.  
Being r e f l e c t e d  from t h e  oppos i te  m i r r o r ,  t h e  p a r t i c l e s  r e t u r n  t o  t h e  p o i n t  of 
i n j e c t i o n  and leave t h e  t r a p  (Figures  5-8). I n  t h i s  case, t h e  p a r t i c l e s  remain /400 

I n  the  case y = 0.1  t h e  p a r t i c l e s  4 

1 

1 
For va lues  of y (0) which are c l o s e  t o  t h e  lower energy 1 

t I475 

KZ 

W L ,  
-r,s -1,o -u,5 0 0.5 rR 15 

If 
1 

Figure  5 F igure  6 

repea ted  r o t a t i o n  
i n  t h e  t r a p  a r e l a t i v e l y  long per iod  of t i m e ,  due t o b n  t h e  v i c i n i t y  of t h e  
m i r r o r  w i t h  a s m a l l  s p i r a l  s t e p  (~=1 .236 ;  0.782; 0.775; 0.567 ..., re .spect ively, in  
F igu res  5-8). Repeated p a r t i c l e  r e f l e c t i o n  i s  only p o s s i b l e  when It moves 
toward the i n p u t  m i r r o r  a t  a l a r g e  d i s t ance  (r >>r ). 

p a r t i c l e  through t h e  c i r c u l a r  s l i t  i s  thus more probable .  The p a r t i c l e  
oscillates t h e  g r e a t e s t  number of t i m e s  between t h e  magnetic w a l l s  i n  t h e  case 
y1 = 0.105 - 0.110 (T = 0.757; 1.10 r e s p e c t t v e l y ,  i n  F igures  9 , lO).  With an 

i n c r e a s e  i n  y t h e  number of t h e s e  o s c i l l a t i o n s  decreases  (Figure ll), and i n  

t h e  case y > 0.28 t h e  p a r t i c l e s  leave (during t h e  t i m e  T = 0.407) t h e  c i r c u l a r  

slit, wi thou t  o s c i l l a t i n g  once between t h e  magnetic w a l l s .  

The outf low of t h e  0 

1’ 

1 =  

- ~~ ~~ * The t i m e  ‘I i s  g iven  i n  u n i t s  of 103 mc (F igures  4-11) and l o 6  m c  (Fig- - 
u r e s  12-16). eHO eHO 

12 
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- r K Z  

Figure  7 F igure  8 

Thus, t h e  p a r t i c l e  i s  he ld  i n  t h e  t r a p  only  when y exceeds y 1 4 t o  a very  

s m a l l  e x t e n t .  
j e c t e d  i n t o  t h e  t r a p  wi th  y4=0.0044, y2=0, y3= -1.57 (Figures  12-16). The va lue  

/y corresponds t o  a s t r o n g e r  magnetic f i e l d .  
t rates t h e  t r a p  only  i n  t h e  case y = 0.0022 (Figure 12 ) .  The p a r t i c l e  re- 

This  r e s u l t  is  more c l e a r l y  apparent  when p a r t i c l e s  are in -  

of I n  t h i s  case, t h e  p a r t i c l e  pene- 

1 
mains i n  t h e  t r a p  f o r  t h e  per iod  of t i m e  T = 0.0079. I n  t h e  case y 1 Y4 t h e  

p a r t i c l e s  are r e l a t i v e l y  "confined" (T = 0.0243). I n  t h i s  case they r o t a t e  a /401 
l a r g e  number of t i m e s  i n  t h e  t r a p  mi r ro r s  (above 100) and are r e f l e c t e d  

~~~ ~~ 

Figure  9 F igure  10 

F igure  11 Figure  1 2  

r e p e a t e d l y  from t h e  magnetic w a l l s  (more than  23 r e f l e c t i o n s )  (Figure 13 ) .  
t h e  case y 1 
of t i m e .  A f t e r  being r e f l e c t e d  about 15 t i m e s  from t h e  magnetic w a l l s ,  i t  
leav-es t h e  t r a p  through the c i r c u l a r  s l i t  (Figure 14 ,  T = 0.015). 
parameter  y 

c i r c u l a r  s l i t ,  wi thout  i n t e r s e c t i n g  t h e  p l ane  of t h e  zero magnetic f i e l d  (Fig- 
u r e  1 6 ,  T = 0,0049).  

I n  
= 0.01, t h e  p a r t i c l e  s t a y s  i n  t h e  mi r ro r s  a r e l a t i v e l y  small per iod  

When t h e  
i n c r e a s e s  f u r t h e r ,  t h e  p a r t i c l e  l eaves  t h e  t r a p  through t h e  1 

Figure  15 (y, = 0.03) shows t h e  very  s m a l l  p r o b a b i l i t y  

1 3  
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Figure  13 F igure  1 4  

n, 
I 

K r  

J 0.75 

Figure  15  Figure  16 

t h a t  a p a r t i c l e  may be  r e f l e c t e d  from the  lateral  s l i t  a n d l e a v e  t h e  t r a p  ( i n  
t h e  t i m e  T = 0.012),  w i t h i n  an  accuracy of i t s  i n i t i a l  t r a j e c t o r y .  Numerical 
i n t e g r a t i o n  of t h e  p a r t i c l e  equat ions  of motion wi th  o t h e r  va lues  of t h e  magnetic 
f i e l d s  y4 = 0.05 and y4 = 0.15 only  s u b s t a n t i a t e s  t h e  gene ra l  p i c t u r e  of 

p a r t i c l e  motion obta ined  from the  graphs shown i n  F igures  4-17. 

The fol lowing conclusions may be /402 
reached from an  i n v e s t i g a t i o n  of t h e  
t r a j e c t o r i e s .  

1. P a r t i c l e s  i n j e c t e d  p a r a l l e l  t o  
the  system axis p e n e t r a t e  t h e  t r a p ,  i f  
t h e  i n j e c t i o n  r ad ius  i s  less than  0.7 R 

I n  t h e  case r = 0.7 - 0.75 RE,  they  0 
leave t h e  t r a p ,  r o t a t i n g  around t h e  
system axis, and form a s p i r a l  w i th  a 
r e l a t i v e l y  s m a l l  s t e p .  The s p i r a l  a x i s  
is d i sp laced  wi th  r e s p e c t  t o  t h e  system 

geometr ic  axis, and t h i s  displacement inc reases  wi th  a decrease  i n  t h e  d i s t a n c e  
from t h e  axis when t h e  i n j e c t i o n  v e l o c i t y  remains unchanged. 
i n c r e a s e s ,  i f  t h e  p a r t i c l e s  are n o t  i n j e c t e d  p a r a l l e l  t o  t h e  system axis. 

R’ 1 

Figure  17 

The displacement 

In  t h e  case 0.7 y4 6 y 5 y , t h e  p a r t i c l e s  which are i n j e c t e d  p a r a l l e l  t o  
- 4  
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the axis are r e f l e c t e d  from the  oppos i te  mi r ro r ,  a l though t h e  p a r t i c l e s  which 
are i n j e c t e d  a t  a certain ang le  t o  t h e  a x i s  can  p e n e t r a t e  t h e  
reach t h e  oppos i t e  mi r ro r  w i th  a r a d i u s  which is c l o s e  t o  t h e  i n j e c t i o n  r a d i u s .  

trap i f  they  

P a r t i c l e s  r e f l e c t e d  from t h e  oppos i te  mi r ro r  can remain i n  t h e  t r a p  f o r  a 
per iod  of t ime on t h e  o r d e r  of - 100 , remaining p r i m a r i l y  i n  t h e  t r a p  m i r r o r s .  

W H  c.  

2. I n  t h e  case y > y , t h e  p a r t i c l e s  are r e l a t i v e l y  "confined". The 1 =  4 
p a r t i c l e s  can be  r e f l e c t e d  somewhat from t h e  t r a p  magnetic w a l l s  and leave i t  
p r imar i ly  through t h e  c i r c u l a r  s l i t .  The number of r e f l e c t i o n s  from t h e  mag- 

I n  t h e  case 
y4 = 0.1, t h e  p a r t i c l e  i s  r e f l e c t e d  somewhat (5-8 t i m e s )  from the w a l l s ,  and 

i n  t h e  case y4 = 0.0044 t h e  number of r e f l e c t i o n s  amounts t o  several t e n s  

(more than  twenty).  

I n e t i c  w a l l s  depends e s s e n t i a l l y  on t h e  magnetic f i e l d  magnitude. 

> d G  t h e  p a r t i c l e s  leave t h e  t r a p  through t h e  1 3 .  I n  t h e  case y 

I c i r c u l a r  s l i t .  
w i t h  t h e  t i m e  of 

The t i m e  t h a t  t h e  p a r t i c l e s  remain i n  t h e  t r a p  i s  commensurable 
f r e e  f l i g h t .  

REFERENCES 

2. Schmidt. The Phys ics  of F lu ids ,  5, 8,  994, 1962. 
2. 

4. Artsimovich, L.A. Upravlyayemyye Termoyadernyye R e a k t s i i  (Control led 

J o u r n a l  d e  physique e t  l e  radium, 23, 5 ,  291-296, 1962. . 3. Lavrent 'yev,  O.A. Ukrainskiy F iz icheskiy  Zhurnal,  8,  4,  451, 1963. 

Thermonuclear Reac t ions) .  Fizmatgiz,  1961. 

~ S c i e n t i f i c  Tpanslation Service 
4849 TocaZoma Lane 

, 
I La Canada, California 

1 5  


